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Abstract

Differential equations are tools describing dynamic systems, which
are changing as time flows. Learning differential equation will finally
bring you into advanced study of any science. Our calculus knowl-
edge is completed by learning differential equation. So it won’t be
exagerating to state that differential equation is the most important
fundamental mathematical tool you need to step into advanced study.
We have several other tools to study dynamic systems, such as differ-
ence equations, calculus of variations, optimal control theory, dynamic
programming, and etc. But differential equations is the start of all
this, their central ideas is built on the basic idea that how differential

equations describe the dynamic world.

1 First Order Differential Equations

Most important classes of differential equations with explicit solutionﬂ will
be discussed here. We will study the solutions first, then look at different

useful types of differential equation.

1.1 Constant Coeffient Case

The standard form of first order differential equation is

dy

on +p(t)y = q(t), or Y +p(t)y = q(t)

where p(t) and ¢(t) are continuous functions. But in this section, we only
tackle the constant coefficient case. If ¢(¢t) = 0, this differential equation
is called homogeneousﬂ, q(t) # 0 nonhomogeneous. We will look at them

seperately.

1 Some differential equations do have closed-form solution, but it is not our concern

here.
2 The name is from linear algebra, because if you multiply a constant on both sides, it

remains valid.



1.1.1 The Homogeneous

Say we have a homogeneous first-order linear differential equation,

dy
- =0 1
R (1)

You need nothing more here, only your basic integral calculus knowledge,

ldy _
ydt

/;j‘t’dt: /(—a)dt

1
/dy——at+C’1
Y

ln\y| +Cy=—at+C4

assuming y > 0,

y = e—at+C1—Cz
y = e—atecl—CQ
y = Ae ™

C1=C2 is a constant. This is the start of everything, everything

where A =e
in differential equation is built on solution y = Ae~%, later on we will see
how central it play the role in our solution method.

We change the notation slightly y = Ae™, we know that all solution

will have this form, the first derivative is 3y’ = rAe™, put them back to the

equation ([1]),

rAe™ +ade™ =0
factor Ae™,

(r+a)Ae™ =0



We don’t Ae™ is positive or not, but we know Ae™ # 0 for sure, because

A0,

Then our solution is Ae~%

, we are right back to where we started, but it is
a good start. We will frequently make use of Ae" to represent the general
solution of homogeneous first-order linear differential equation. If we can

use initial condition figure out A, we have a definite solutionﬂ

1.1.2 The Nonhomogeneous

Here is a nonhomogeneous one,

dy
— =b.
a + ay

The general solution is y = y. + yp, where y. is complementary solution of

its complementary equation, which is simply its homogeneous version,

dy
=7 =0

and y, is a particular solution of the nonhomogeneous version. Iknow you've
got question, ‘why would we have such a strange look general solution?’
The simple proof is coming soon, but here we should understand what is
particular solution and how it is conceptually different from definite solution.

A particular solution undoubtedly will satisfy the differential equation,
even if a constant. Thus, then why don’t we try a constant, say y, = k,

then y;, = 0, the nonhomogeneous differential equation becomes,

ayp =0b

SIS o

Yp =

3 Tt is not particular solution, it will be clear soon.



This is our particular solution, because it is particular so it is ‘a’ not ‘the’,
particular solution. According to the formula of general solution of nonho-
mogeneous case, we have

b
y=Ae % 4 -
a

Say we have an intial condition y(0) = 1,

Ae_ao—l—é:l
a
Am1-2

a

Plug it into general solution, we have a definite solution,

y = (l—b)e_at—kb
a a

I guess you have known the conceptual difference between definite solution
and particular solution after study this example. Just remember definite
solution is found by using initial condition.
Now we can see a proof of general solution. We are give y, and y, we
have two equations,
Y +ay=>

y, + ay, = b
Substracting,

Y +ay—y, —ay, =0

(y—vp) +aly—yp) =0
So y — yp is the solution of its homogeneous version, it has the form,

y*yp:Aert

y=Ac" +yp

where Ae™ = y,, so it is proved.



1.1.3 An Example
Find the definite solution, where y(0) =9
dy

W _ 9y —s.
a Y

First particular solution, we choose the simplest y = k case,

—2k =5

5
:k:—f
Yp 5

Next complementary solution, use y = Ae"

dy
AN VR
a =0
rAe™ — 24" =0
(r—2)Ae™ =0
r=2

So the complementary solution is

Ye = A€2t

Acorrding to formula y = y. + yp, the general solution is

)
— A 2t Y
Yy e B

But this isn’t over yet, we have initial condition,

A2
2
23
A="—
The definite solution is
23 9 5
Y=79° 73



1.2 Variable Coefficient Case

More general case of first-order differential equation is

dy

i POy =)

We have studie the constant coefficient case, here we will study variable
coefficient case. But first we need to study exact differential equation, our

intention will be clear soon.

1.2.1 Exact Differential Equations

Recall the total differential of a bivariate function we have studied in calculus

course,
OF oF
dF =—d —d
(2,y) = 5 -do+ - dy
If we set dF' =0,
oF oF
—d —dy =0
Ox T oy 4

This is an exact differential equation. Conventionlly we denote %—5 =M

oF _
anda—y—N,

Mdzx + Ndy =0

By Clairaut’s theorem[]
oM _oN
oy  Ox

OM __ 9*°F ON __ 9%F
Because By = yoz and 9r = Duoy-

For instance, we have
32?2y dz + (2% + 2y)dy = 0

M = 3z%y and N = 2342y, we can verify it is an exact differential equation,

oM,
Ty—?)ﬂj
ON
%—31'

4 Tt is a generalization of Young’s theorem, I prefer to using general case.



For any exact differential equations dF(x,y) = 0, its solution is F'(z,y) =
c. So to solve an exact differential equation is to find the F'(z,y), the solution
method will be discussed here.

If we only integrate x out of M, but only x, we will have

F(z,y) = / Mdz + 6(y) (2)

where ¢(y) is a function of y, we don’t know it definite form yet. We add
it here, because the partial derivative of F' with respect to x will take y as
constant, we simply reinstate it here. We differentiate this equation on both

sides with y,

oF oM

5= | G dw) 3)

Because = N, then

N = /dx+¢ Y)

/ 2 Az (4)

Last step is to integrate ¢(y) with respect to y,

:/Ndy—//%]\jdmdy (5)

I know, this looks not obvious at all, so better look at an example.
Solve 322y dx + (23 + 2y) dy = 0. Integrate out y of M, apply equation
@),

F(x,y) = / 3x?y daz + o(y)
= 2%y + ¢(y)

We don’t need to worry about constant, it is omitted, or you can say it is

merged into ¢(y). Follow equation , we take derivative with respect to y,

oF

oy " S+ (y)



. OF _
Go on, use equation (4], and because S = N

¢'(y) =2’ + 2y — a®
=2y
Then integrate,
/ ¢'(y) dy =
Again we omit the constant, ¢(y) = y?, so we have F(x,y),
F(z,y) = 2’y +y°
which implies the solution of given differential equation is
x3y + y2 =c

Verify by taking total derivative,

0 0
%(x?’y + y2) dz + Fy(:ﬁ’y + y2) dy = 322y dx + (x3 +2y) dy

Question solved. Spend some time chewing over it, since it is not intuitive.

1.2.2 Integrating Factor

It turns out that the procedures above can deal with differential equation
even when they are not exact. The function of integrating factor is to make
inexact differential equation exact. To understand the mechanism, say we

have a variable coefficient differential equation,

dy
a—l-px—q

where p and ¢ are functions of y, and which can be written as

dy + (px — ¢)dz = 0. (6)

10



Obviously, this is not exact. We intend to multiply both sides by an inte-

grating factor I, to make it exact.

M N

A~ —_—~—
I dy+ I(px —q)dx = 0. (7)
Because %—M = %—N, then
Yy X
oN _,
83:' - p?
equate it with %—]\;,
oM dI
9y dy
di/dy I
I I

We can solve it by seperating variable, which will be studied later, but the

idea is very easy,

This is what we called integrating factor, it is far from intuitive judging from

its appearance. Next step we substitute it back to (7)),
ef Py + efpdy(px —q)dz =0
solve it, by method of solving exact differential equation,

Fla,y) = / eI Pz 4 g(y) = e/ P 4 o(y)

oF d

YT pelrdy /
3y xe m /pdy +¢'(y)
oF

T ppel Py

oy = e +¢'(y)

11



oF _
aiy—N,SO

wpel PV 4 ¢/ (y) = e/ Y (pr - q)
¢ (y) = apel PW — e PWq — gpel P
¢ (y) = —qel P
$y) = — [ qe/ P dy
We don’t know the definite form of p or ¢ so, nothing can be done further.
Back to F(x,y),
F(z,y) = el Y + g(y)

F(z,y) = ze/ 7% — [ ge/ P qy
which implies the solution is
zel P _ /qefpdydy =c
Rearrange,

xefpdyzc+ qefpdydy

T = efpdy<c+/Q€fpdydy>

If the original inexact differential equation is written as

de
dy by =4q

Then
y= e_fpdx<A+ qefpdxda:>

where we simply change the symbol ¢ into A which is arbitraty constant.
Solving exact differential equations is a technique, not much of insight
or intuition, although it won’t be the high place of your learning list topics
about differential equation, it indeed practice your skill of calculus. So that
is why I said in the beginning, learning differential equation will complete

your knowledge of calculus.

12



1.2.3 The Homogeneous

After study exact differential equations and integrating factor, rest of con-
tent in this section is just byproduct of previous knowledge, you will see

soon. We have a differential equation,

dy

=2 4L p(t)y =0
dt+p()y

Solve it as we have seen before,

1dy

5 a —p(t)

/;i?zdt:/p(t)dt
/;dy:—/p(m)dx

Iny=—-c— /p(t) dt
y = e—c—fp(t) dt
Yy = Ae_fp(t)dt’

where A7¢ =e™“.
Well, if this is not obvious to you, let me reproduce the result from

constant coeffient differential equation,

d
dii+ay:0 y = Ae @

Actually,

y = Ae— — Aeffadt

Now I guess it can’t be more obvious than this, when you compare with

y = Ae[p(®)dt,

1.2.4 The Nonhomogeneous

When we are discussing about integrating factor, we use an example,

dy
a —I—px =4q.

13



The basic idea it to turn any inexact differential equation into exact one by
multiplying an integrating factor, which of course is el P2 Then solve it by

method of exact equations. You will finally get,

y:e_fpdz<A+ qefpdzdx)

This is exactly we had seen (|1.2.2]). Whether you want to use this result or

not, it is better understand how we arrive at this conclusion.

1.3 Seperable Equation

We have used a little trick of serpable equation before, it is very easy to
understand how it works, we just seperate different variables on different
side and take integral. We will see an example to explain it. There is

a famous population growth model set under the assumption of Malthus

Law,

This model is considerably simple, which means the growth rate of popula-
tion is proportional to population size and dependent of time (we call this
time-dependent differential equation). The steps below are how we solve a
seperable differential equation generally, soon you will understand what we

mean ‘seperable’.

dy
=k

a Y
dy = kydt
d

Y kar
y

Here, we have different variables on different sides, then integrate,

1
/dy:k/dt

)

Inly| =kt +C

|y| _ ekt—i—C

14



Because eF1+¢ >

Set the constant A = ¢
y(t) = Act

In words, if the environment has unlimited resources and space, populatiorﬂ
will multiply in an exponential speed. Generally it is called law of natural
growth, Malthus’ law is an applied example of it, if A < 0 it is law of natural

decay, it is used in describing such as, half-life. To see the significance of A,
y(0) = A = A

A is the value at time 0, you can take it as initial value.
However it is not always realistic, so there is a model, named logistic
modeﬂ has a more realistic description of evolution of growth path. We

will look at an example next.

1.3.1 Logistic Differential Equation

As we have mentioned above, to assume a unlimited environment is not
realistic, then what would happen if we set up a model under conditions limit
resource and space. One widely-accepted result is the population will level
off when reaching carrying capacity of environment. The simplest version of

such model is

dP P
= —kP(1- ).
@ MR

This is logistic differential equation, P is population and K carrying ca-

pacity. It is easy to interprete the equation, if P — K, population reaches

5 I do not refer merely to human beings exclusively, it also applies to amimals, viruses,

microbes.
5 Tt is extensively used in econometrics in binary dependent varible model theory.

15



carrying capacity, population will not have enough resource and space to
multiply at the initial speed, so % — 0. If P > K, it becomes a decay
function. The reason I brought up logistic equation, because it is easy to

solve by method of seperation.

/P(l—lP/K)dP:/kdt

We need partial fractions to evalutate the right side of the equation, first

rewrite
1 1 K

P1-L2) " P(K-P)L P(K-P)

Then,
K

P(K — P)
multiply both sides by P(K — P),

4,
P K-P
K =A(K—-P)+BP=AK - AP+ BP =AK — (A—- B)P,
it is easy to see that A=1and B =1,
1 1
/<P+K_P>de/dt
1 1
/PdP—/P_KdP—k:/dt

In|P|—In|K —P|=kt+C

—(In|K — P|—In|P|) =kt+C

| 57| = ke

KP‘ e

K-P okt
P_

where A = e~¢. We can find value of A, by letting t = 0,

A—-P

=A
Py

16



Continue, we solve for P,

K

F—];:Aeikt

P 1
K 1+ Ae—kt

K
p—— =
14 Aekt

2 Second Order Differential Equations

Standard form of 2" order ODE is

d*y dy
Jz2 —|—p(m)% + Q(x)y = g(ac)

where p(z), ¢(z) and g(x) are continuous functions, this is nonhomogeneous
ODE. If we set g(z) =0,
d*y dy
P(l‘)@ + Q(ﬂﬁ)% + R(z)y =0,

and this is called second-order homogeneous differential equation.

2.1 Constant Coeffient Case-Nonhomogeneous

However most of time, we assume that the coefficients are constants, then

most frequent form of second-order differential equation is written as
y'(t) + a1y’ (t) + agy = b (8)

where a1, as and b are constants, if b = 0 it becomes a second-order homo-
geneous differential equation. There is no need to give a seperate section
illustrating how to solve second-order homogeneous differential equation,
because if you want to solve a second-order nonhomogeneous differential
equation, you must solve its homogeneous version (complementary equa-
tion) during the solving process. For instance, we intend to solve equation

(8)), its comlemenatry equation is
y'(t) + ary'(t) + azy = 0 (9)

17



If we denote the general solution of y(t),

y(t) =ye +yp

where g, is the solution of complementary equation @ and y, is the partic-

ular solution of .

2.1.1 Complementary Solution-Homogeneous

From the previous knowledge of first-order differential equation, the solution
of homogeneous one has the form y(t) = Ae™. Then we will try this solution

in second-order equation, first compute,
y/(t):TAert y”(t):rerrt
Then complementary equation becomes,

r2Ae™ + airAe” + ag Ae™ = 0

(12 + a1 + az)Ae™ =0
For simplicity, we usually assume that Ae™ # 0, then

r2+air+a;=0

This is characteristic equation, and solve for r by the root formula,

—a1 * \/a% — 4aoy
2

The problem comes, if a% — 4as > 0, we have two distince r, which means,
there will be y; = A€ and yo = Aze™!, two solutions. The general solu-
tion will either be randomly pick up one, or use a linear combination. The
first proposal does not work, we need two constants, A; and Ay, because
during the process of two times differentiation, we lost two constants, we
should take this chance to reinstate both of them here. So the complemen-

tary solution should be a linear combination of two linearly independent

18



solution, y. = Aje"! 4+ Ase™!. Besides, we will encounter a% —4a9 = 0 or
a? — 4day < 0, we will discuss them seperately below.
Case I a% — 4ao > 0 We have two distinct roots, r1 # ro, we can simply

write the complementary solution as,
Yo = Are"tt + Age™*

then e and e™! are linear independent.

Case II a? — 4as = 0 When this is the case, we have

ai
r=r] =79 =——
2

Then look at .,
Yo = Alert + A2ert — Agert

where A1+ Ao = As. But one constant is gone, we are supposed to reinstate
another one, say A4. Here is the same trick as we did in first-order differential
equation, recall that when using k is not probable, we use kt, then the same

here we switch to Aste™. The general solution is
ye = Ase™ + Ayte™

Case III a? — 4a2 < 0 Obviously we will have a solution of complex
numbers. Take a closer look at root formula, it can be rewritten as,

/2_4 /4 2
r:—ﬂiialz a2:—ﬂ:|:i7a22 al:aizﬂ

2 2
—4 and g =Y——1 daz—aj

where oo = 5 > . Use genenal solution,
Ye = Ale(a‘i'iﬁ)t +A26(a_iﬂ)t — Aleateiﬂt +A2€at6_iﬂt

Recall the famous Euler’s formuld'}

e = cosf +isind

" Refer to my notes Complex Numbers|1], where detailed derivation is given.

19



Then

Yo = Are™[cos (Bt) + isin (Bt)] + Aze®[cos (Bt) — isin (Bt)]
= Are® cos (Bt) + Are®isin (Bt) + Aze® cos (Bt) — Age™isin (Bt)
= e®[Aj cos (Bt) + Ayisin (Bt) + Agcos (Bt) — Agisin (Bt)]
= e™[(Ay + As) cos (Bt) + (A1 — Ag)isin (Bt)]

or you can write,
= e®[Cy cos (Bt) + Cqisin (Bt)]

where C1 = A1 + Ay and Cy = A1 — As.
All above are talking about complementary solution, however actually
we are also talking about homogeneous case, as I said before really not

necessary to write a seperate section for it.

2.1.2 Particular Solution

Say we have
y'(t) — a1y’ (t) + azy(t) =b.
As we did in first-order case, any solution y if it works will do. The simplest

case is y, = k, then ¢ = 0 and 3" = 0,
b
ask =10 yp =k =—

But what if ap = 0, then you should use y, = kt, thus, ¥/ = k and y" = 0,

artk=" k;:ﬁ

ai
Then in this case y, = %t. This isn’t over, what if a; = 0 too? Then you
raise the power of ¢, y, = kt? this time. Then ' = 2tk and y” = 2k,

b
2 = = —
k=1b k 5

put them back, we get y, = %t2.

20



2.1.3 Time Path

Here are the solution of three cases reproduced,

a? —4ay > 0 Yo = A1t 4 Age™!
a% —4a9 =0 ye = Ase™ + Ayte™

a? — 4ay < 0 ye = e*[C cos (Bt) + Cosin (Bt)]

And according general solution is

yp + Yo = yp + Alerlt 4 A2€T2t (10)
Yp + Ye = Yp + A3ert + A4t€rt (11)
Yp +Ye = Yp + e [Cy cos (Bt) + Co sin (St)] (12)

Look at , ask yourself what would the result be if 71 > 0 and 79 > 0 and
t — 00. The solution does not converge, it will explode. In formal words,
it has no stable intertemporal equilibrium. The only way or necessary-and-
sufficient condition to ensure its convergence is ;1 < 0 and 79 < 0. And
you will even find also must have this condition r < 0 to guarantee its
convergence.

Now let’s look the , how can we make it converge if t — co? The
only way is suppress « below zero, and what is a? It is the real part of
the solution. So with these knowledge, you can conclude that no matter
what kind of solution you have, the necessary-and-sufficient condition of

convergence is the real part of the solution is negative ﬁ

2.2 Variable Term Case-Nonhomogenous

Note that the title of this section might be little confusing, actually we are

still dealing with constant coefficient, but with a variable term. Here is the

8 Because real number is a subset of complex number, real numbers just have them

imaginary part equal zero.

21



general form,
y'(t) + ary'(t) + a2y = g(t)

The term on the right-hand side of the equation is not a constant term
any more, which we always assume to be constant till now. Here g(¢) is a
continuous function. Although the complementary solution will not change,
because we are always solving its homogeneous version which has nothing
to do with variable term, we have to invent some new ways to find their

particular solutions. We will discuss two methods here.

2.2.1 Method of Undetermined Coefficients
Better use an example to start. Solve

y'(8) + 9 (1) - 2y(t) = ¢ (13)
First, solve characteristic equation,

r24r—2=0

(r—=1)(r+2)=0
with roots ;1 = 1 and ro = —2. So the complementary solution is
Yo = Are’ + Aze™*

Now, particular solution. Since g(t) = t3, we seek a particular solution of
form y, = c1t® + cot? + c3t + ¢4, where ¢; is undertermined coefficient. So
yl’) = 3c1t? + 2cot + c3 and ?/g = 6c1t + 2c3. Plug them back to differential

equation,
6eit + 2¢9 + 3e1t? + 2ot + 5 — 2e1t3 — 2e9t? — 23t — 204 =
Rearrange the power terms in descending order,

—261t3 + (301 — 262)t2 + (601 + 2¢9 — 203)t+202 +c3—2¢c4 = t3,

22



we can set up a linear equation system to determine all coefficients,

—201 =1
301 — 262 =0
6c1 + 2c9 —2c3 =0

2co +c3—2c4 =0

which solves ¢; = —1

5, C2 = —3, c3 = —% and ¢4 = —21. Thus we have a

particular solution,

=332 -T2l
=Ty 2
And our general solution to the (13) is

1 9
Y=Y+ yp = Arel + Age " — 5753 T St =21

I guess this method is not much of different from what you had learned
in your high mathematics course, the crucial point is how you set up the
function form of particular solution.

Let’s look at another example,
y" — 4y = te' + cos (2t) (14)
Again, complementary solution first, characteristic equation is
r?—4=0
with roots ;1 = 2 and ro = —2. Complementary solution is
Yo = Are® 4+ Age™

As to the particular solution, this is much trickier, we need to set up two

particular solution, one is y,, = (c1t+cz2)e! and y,, = c3 cos (2t)+ ¢y sin (2t).

23



List their first and second derivatives,

Yy, = (c1t + c1 + c2)e’
Yp, = (c1t +2¢1 + 62)6t
Yp, = —2c3sin (2t) + 2¢4 cos (2t)

Yp, = —4c3 cos (2t) — 4ey sin (2t)

Rest of work is to substitute in and solve linear equation, but the general

solution of is
Y = Ye+ Yp1 T Yp,

So the we omit the calculation here because the idea of the example is to

teach how to handle two seperate variable terms.

2.2.2 Method of Variational Parameters

We only give a general case here, since all practical problem can follow this

template. We have a differential equation

y' +pt)y + q(t)y = g(t) (15)

p(t), q(t) and g(t) are continuous functions of ¢. Its complementary solution
is

Ye = c1y1(t) + c2y2(?)
As usual, ¢ and ¢y are constants, they can be definitize by initial condition.

Here is the how we start the method of variational parameters, we determine

that the particular solution has a form of

yp = 01 (D)1 (t) + va(t)ya2(t)

we change the constant coefficients into variables, but vy and vs are variables

yet to be determined, and they are also the functions of . We take derivative

of yp,

/ —_—

Yy, = ViYL + v1yh + vhy2 + vayh

24



But we have make some assumption here, which is
viy1 + vays = 0

Then we reduce ¥, into,

/o

Yp = V131 + vy

Take derivative again,
Yp = V1Y) + vaYs + v1y] + vy
Substitute into ,
vyt + vays + o1yl + vayy + p(8) (viyh + vays) + () (viys + vay)

Rearrange, it equals,

vi1(y] +p)y) + a(t)y1) + va(yh + p(t)ys + q(t)y2) + V1Y) + vhys

Becasue y; and g are solutions of complementary equation, so it is reduced

to
Yp + ()Y, + a(t)yp = viy1 + vhys = g(t)
We set up a linear equation system, one of them is the assumption we have

made,

VY + vhyy = g(t)

vy +vpy2 =0

or in matrix form,

i y2| |vi|  |9(t)
Y1 2| |vy 0
Solve it, we have
r_ Y29
U = / /
Y1Ys — Y192
/ Y19
U2

B y1y'2 - yllyQ
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Final step, integrate them,

S
Y1Ys — Y1Y2

= [ By
Y1Ys — Y1Y2

Substitute them back to y, = viy1 + vayo,

Y29 Y19
Yp = / — dt Y1+ / — dt Y1
Y1Ys — Y192 Y1Ys — Y192

3 The Laplace Transform

This section will tell you how to use the Laplace transform to solve differ-
ential equation. The same as Fourier transform, it will turn a differential
equation into an algebraic equation which of course is much easier to han-
dle. Till this moment, all differential equations we study are continuous
functions and their continuous derivatives. However, sometimes we really
don’t have such luxury. So the power of the Laplace transform is to han-
dle strange-shaped functions, such as jumps, spikes, impulses and etc. So
you can imagine the Laplace transform as a moving average filter, which
smoothen all strange kinks or spikes. However this section is only teach-
ing you how to solve differential equations with the help of the Laplace
transform, but not Laplace transform itself. You should be prepared this

knowledge when studying Fourier transformﬂ

4 Linear System of Differential Equations

Here we will make a small step ahead, we are dealing with a linear system

here rather than a single varible differential equation. It would be more

9 T know sometimes I ask too much, but if you know nothing about Fourier transform

and Laplace transform, study my notes Fourier Analysis|3] and Laplace Transform[2].
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realistic if we could model a system of varibles together, let them interact
with each other. However we will only focus on the first-order differential
equation system, any nt"-order single differential equation can be reduced
down to a system of first-order differential equations, which means even
if you have a system of n'"-order differential equations, you can always
reduce them down one-by-one into a larger system of first-order differential
equations.

A simple example might tell you how we perform this task, we use a

simple physics model here,
s = f(s',s,1) (16)

where s is displacement of any vehicle, s’ is velocity, s” is acceleration and
t represents time. The key idea is to introduce a new variable to reduce the

system down, v, velocity. Then we will have a system here,

,U, = f(v7 87t)

s=w
As you can note easily, if s’ = v holds, the whole system will be equivalent

to (I6).

4.1 Solve Linear System

The general linear system of differential equation is

= Ax
where
@ ail ... aip| |1
x = Ax =
ZL‘;I apl ... Qpn L,

Some linear algebra knowledge will be made use of here. We have a first

question here to ask ourselves, what if A is a diagonal matrix. Then the
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system will look like,

/
T = air

/
Ty = A22T2

/
Ty, = Apnln

This is not a linear system any more, they are just an array of single lin-
ear differential equations, you can randomly pick anyone to solve without
information provided by other equations. If every linear system would be
changed into this form, or should I say explicitly, if any matrix A could be
transformed into a diagonal matrix D, we could solve the system quickly
without resort to any knowledge of linear equation system.

Knowledges are always entangled together, the more you learned math-
ematics the faster progress you will make. As you have guessed, what we

are going to do here is diagonalization.
AP =PD

where

P =[v;...v,] D=
0 ... Ay

v; is eigenvector of A whereas A; is corresponding eigenvalue. Then the
diagonalization will be,

P 'AP=D

Let’s come back to our differential equation, with change of variable y =
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y/ — P_lw/
=P 'Azx
=P APy

Then the whole system is reduced down to an array of self-contained equa-

tions.

Y =My

y; = A\n¥n

Now we can use previous knowledge of first-order differential equations, all
of them has its own characteristic equation r; — A; = 0, thus every homoge-

nenous equation has solution has following,

y1 = creM?t
Yy = cpe?t
Yn = Cne)\nt

However, we need to change the variables back to x,

x = Py
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It is

1 c1 eMit
T9 026’\2t
= |v1 V2 Un
| Zn | _cne”\"t_

A

= cie 1t’l)1 + C2€>\2t’l)2 —+ ...+ CneA ¢

Tlvn

x is a linear combination of all A’s eigenvectors. As long as we have n
linearly independent eigenvectors, we have use diagonalization to solve the
equation system. Recall that if you have n distinct eigenvalues, there will
be exactly n linearly independent eigenvectors. However when you have
n linearly independent eigenvectors, you can’t be sure that there will n
distinct eigenvectors. For details refer to my notes of Linear Algebra and

Matriz Analysis I[4].
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