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Abstract

This notes introduces you Fourier series and Fourier transforms,
which are vastly made use of in engineering, physics, mathematics and
economics. Cursory complex number knowledge is required before any
attempt to Fourier analysisEl, besides you need some basic knowledge

of integral calculus and trigonometry.

1 Fourier Series

Fourier series is by no means as intuitive as, say Taylor series, in the very
beginning. And notations might seem a great mess to you, several super-
scripts and subscripts bind together. And applied examples seem all come
from physics, electronic engineering, computer science, it is tremendously
hard for average economics students to make any sense out of it. I will make
the ‘pain’ at the lowest level, if you call this a ‘pain’. And I have to say, it
is for your own interest to know some physics or engineering, since lots of
advanced techniques used in economics come from physics and engineering,
if you want to know where the these brilliant ideas come from, naturally you

will get in touch with physics and engineering.

1.1 Brief History Background

A

About two centuries ago, the famous French physicist Joseph Fourier
(1768-1830) found that ‘every’ functiorﬂ could be represented by an infinite
trigonometric series resulted from investigation of partial differential equa-
tion of heat conduction. Fourier formulated the model describing evolution

of the temperature, T'(x,t) of a thin wire of length 7, in which {0 < z < 7}

! You can study my notes Complex Numbers first.
2 Uninterested reader can safely skip this section.
3 Actually not every function can be.



and t is time. He also assumed zero temperature at the ends: 7'(0,¢) = 0

and T'(m,t) = 0. Then

oo

flz)=T(x,0) = ansinnx

n=1

And he solved b,, by integration,

2 ™
b, = — in d
- /0 f(x)sin (nx) dz

He argued that T'(z,t) is a solution of heat equation,

or_or
ot Ox2

with boundary condtion,
T0,t) =T(m,t)=0, t=>0.
Solution can be represented by

oo
T(z,t) = Z bpe " sinna
n=1

Of course this naturally becomes the first application of Fourier series.

1.2 0Odd or Even

Some properties of function we should review here, since it is a review I
won’t provide any proof of these theorems, you take them as facts. Actually
they are very straightforward, and you can reason them qualitively, needly

to waste time on proving.

Theorem 1.1. Let f(x) be a funtion of which domain is [—a,a], then

~—

a 0 a
[ fayae=2 [ f@)ar - 2/0 (@) da (1

if f(z) is an even function. And

’ f(x)dx =0

—a

if f(z) is an odd funtion.



Theorem 1.1. Multiplication and addition rules,

odd + odd = odd

odd x odd = even
even + even = even (2)
even X even = even

odd x even = odd

1.3 Where do we start?

This is a learning notes, it teaches you something you do not know yet, so
it would be quite misgiving to illustrate Fourier series with last example.
We start with a simple question, namely, what functions have a repre-

sentation which can be express by a summation of sin kt and cos kt,

o0

Ft)= > cilcos (kt) + isin (kt)] (3)

k=—00
1 is imaginary number, ¢ is a constant. It might looks very strange makes
you wondering why on earth would we invent such a linear combination even
with imaginary number, the reason is for sake of easy-manipulation. If you
are family with complex number, it would immediate remind you Eular
formula,

e = cosO + isinf

Then here we have

et = cos (kt) + isin (kt).

So the question becomes to ask what fucntions f(t) have a representation,
f) =Y ce™ (4)

In modern Fourier theory it is common to write Fourier series involving

complex exponentials. Notice that for every integer k, e** = cos (kt) +



isin (kt) is a periodic with period 27. So if f(t) want to be expressed by
a trigonometric series as right-hand side, f(t) is necessarily periodic with
period 2.

The second question is if f(t) is periodic 27 and be expressed as trigono-
metric series, then what are coefficients ¢;? Actually this seemingly un-
tractable problem is very easy to handle, recall from your linear algebraic

course, that if a inner space product is defined on [—m, 7| as

) = [ swgtyar=o.

We say f(t) and g(t) are orthogonal. This orthogonality condition has a
naturally extension on trigonometry or complex exponentia]El,
™ . ..
/ ekte™iitdt =0  ifj#k
-

We can try to solve this integral,

™ ™
—T -7

The last equation uses the fact that

ei(k_j)w i(k—1)2 .
P — ¢(k=1)2T _ (g [(k—j)2m] +isin[(k — j)27]

According to our basic knowledge of trigonometrics, we know

cos (a2m) =1

sin (527) = 0.

4 If you have no idea what I am talking about here, please stop for a while and study
my notes Linear Algebra I: Chapter 7 Othogonality and A Quick Review on Trigonomtry
and Periodicity.



Then
i(k—j)m
e—i(k=g)m

ei(k—j)w _ e—i(k—j)w_

In order to use orthogonal condition to eliminate all ¢, with k& # j, we
multiply e~%? onto both side of and integrate on interval [7, —7], yields

T o0

s
ft)e vtdt = Z ck/ etkte=iit 4t
- k=1 -

Because of orthogonality condition, all terms on the right-hand side with
k # jare eliminated,
ft)e "t dt = ¢; / ete™ It dt = ¢ / dt = 2mc;
—T —T —T

Thus,
1 ™
ci = —
Toom )

f(t)e 9t dt (5)

2 Fourier Series Expansion

For the rest of this notes, we are going to see lots of examples rather than
pure theory. We have seen that how we can calculate ¢i to expand a function
into Fourier series, I will walk you through lots of example in order make
you familiar with it.
Before we start, I shall give the most standard form of Fourier series
which you can see from textbook,
)
f(t) =aop+ Z (ax cos kt + by, sin kt) (6)
k=—00
This is a bit different from , the complex exponential form, keep this in

mind, it will be clear where does it come from later on.



2.1 27 Period Expansion
Example 1. Find the Fourier expansion of

f(t) =sin (t + 2)

Actually we do not need to compute ci directly, we can use Fuler’s formula

to manipulate f(x), recall

1. .
sinf = — (e — e7%).

24
Thus,
f(t) _ %[ei(t—lﬂr/@ o 6—i(t+7r/4)]
_ %[eitei(ﬂ'/@ it/ ]
1
12 1v2,
— B el i
= et — YR e 7)
Because

i) _ o T T V2

e cos4+zs1n4 5 (1+41)
T, V2 .
Z) 7(1—1)

\)

e = cos (— Z) + isin (—
And is what we called fourier expansion.

Till now we only derive coefficents in complex exponential form, next
we shall follow the standard procedure to derive coefficents in trigonometric
form as Fourier himself did. You are not obliged to memorize the proce-
dure, but you will find it is common pattern which is considerably easy to
understand.

We integrate

[e.e]
f(t) =ap+ Z(ak cos kt + by sin kt),
k=1

which is exactly @, on both sides over interval [, —],

f(t)dt:ao/ dt—l—Z(ak/ cosktdt—l—bk/

sin kt dt)



Thus

i f(t) dt = 271'(10

1
o | o
Next we need to find ag, but this time we cannot directly integrate @, we
integrate its modified version,
f(t) cos jt = ag cos jt + Z(ak cos kt cos jt + by sin kt cos jt).
k=1

You simply multiply (@ with cos jt on both sides to get it, for integer j > 1,
then integrate

s ™ 0 T
f(t)cosjtdt = ag / cos jtdt + Z <ak/ cos kt cos jt dt
—T

- k=1 -
0 T
+ Z by / sin kt cos jt dt)
k=1 -

We can calculate the first integral analytically,

™

T 1
/ cosjtdt = —sin(jt)| =0
J

—T

—T

The second one, use orthogonality conditionﬂ

m 0 ifk=#£j
/ cos kt cos jtdt =
o m ifk=j

If kK = j, we can prove

& 2k:t 1
/ cos? kt dt / cos + —d¢

1 I
- cos2ktdt + — dt
T2 A -
11 T

=3 [% sin th] - +7

=7

5 Proof is in my notes Trigonometry.



Last is also due to orthogonality condition,
™
/ cosktsinjtdt =0, Vk#j
-
Then we only left,
K
f(z)cosktdt = ag.
-

Thus

1 T
a = — f(t)cosktdt
™ —T

To get by is similar with steps above, but multiply both sides of @ by
sin jt, for integer j > 1.
o0
f(t)sin jt = ag sin jt + Z(ak cos kt sin jt + by, sin kt sin jt)
k=1
Integrate t out over [—m, ],

™

s ™ >
f(t)sinjtdt = ao/ sin jt dt + Z (ak / cos kt sin jt dt
—T —Tr

k=1 -m

+ bk/ sin kt sin jt dt>

—T
The first integration term is

o 1 .
ag sin jtdt = ag| — — cos jt
J

—T

s

=0

—T

The second, follow orthogonality condition,

s
ak/ cos ktsinjtdt =0,V k,J.

—T

The third,

™ 0 ifk=#j
bk/ sin kt sin jtdt =
o m ifk=j

10



Because if k = j, then we have

g T/(1— 2kt
b / sin? kt dt = by, / (C;’S )dt
1 [™ 1 (7
_bk<2/7r dt—2/ﬂc082k’tdt>

s

11

—Tr

=bym
Then use all above result, we only left,
f(t)sinkt = by

Thus,

1 s
b = — f(t)sinktdt

s

In together, our Fourier series are,

fit)=ao+ Z(ak cos kt + by, sin kt)

k=1
1 v
ao = / (1) dt
2 J_,
1

ar = — f(t)coskt dt
™ —T
1 (7 .

b, = — f(t)sinktdt
m —Tr

(Fourier 1)

(Fourier 2)
(Fourier 3)

(Fourier 4)

Next we shall use a full example to walk you through a process of Fourier

expansion of period 2.

Example 1. Find the Fourier series of

x
t) = |sin
f(t) =|sin 5 ‘
Use formula (Fourier 2)), we get
1 (" t
ag = — sin —| d¢
27 J_ . 2

11



sin £

Reserve a picture for 3

sin

Figure 1: 5

From graph, we know it is even function and sint¢/2 > 0 over interval [0, 7],

then we can remove absolute value operator, and use half interval,

1 [7 t
aoz/ sin — dt
T 0 2

1 t1"
:|:—2(308:|
T 211
1 T 0
=—| -2 —+2 —
7r( cosz—i— C082>
_2
o
Use formula (Fourier 3|), we get
1 (7 t
ak—/ sin —| cos kt dt
™ —T

Even function multiply even funtion is an even function,

4 t
ap = / sin — cos kt dt
0 2

s

We can’t use orthogonality condition here, because k is an integer and k& > 1.

So use trigonometric product formula, yields
1 [7 t t
ak:/ [sin <+kt>+sin (—kt)} dt
™ Jo 2 2
1 (7 142 —
:/ [sin< + kt) —l—Sin(1 2kt)] dt
™ Jo 2 2

1 2 1+ 2k 2 1—2k ]I
:w[_1+2kcos 2 12k 2 t}o
1[ 4 4
:w[1+2k+1—2k]
1
+(

—
|
o~ oo
o
)
N———

12



Similarly, b

sin < | sin kt = 0

1 s
b= [
7T*Tl’

This is not because of orthogonality, look at integral carfully, recall your

high school math again, it is an even function multiply an odd function,
which results an odd function. Besides the interval is symmetric on origin,
the area on both sides cancel out.

So here is the final result of Fourier expansion,

] 2 1 8
in—|=— —| — kt
st’ 7T+;7r<1_4k2>cos

We can control how close the trigonometric series can approximate function

by choosing n,

n

S Kt
o7 T\ 1—4k2 €08

‘Reserve a picture for Series approximation‘

Figure 2: Series approximation

2.2 Arbitrary Period Expansion

Above we mainly assume that period is 27, actually we can modify Fourier
series to apply to functions have period 2, of which [ # 7. We can set

T = 7t, but we do not work on 7 directly,

F(t) =) e =3 cpe T (8)
k=1 k=1
and
I ik I kTt
— t —IKT E— t —IK 5
o= | FOe =5 [ e 9)
We can check the periodicity,

kT (t42) _ kTt i2km _ kTt

e ="',

13



by using the fact that
ek = cos (2km) + isin (2kn) = 1.
Deriving ¢ directly following formula,

L kTt
ck—zl/_lf(t)e rtdt

1l 21 itk=m

cr = — €_im7t€ik7t dt =
2 ),

0 ifk#m
Continue our investigation furthur, we now try to turn into sine and
cosine form, use Euler’s formula again, the symmetry here will be made use
of,

kTt knt . kmt

el :cosT—i—zsmT,

substitute into (§]), and we make a slight change on lower limit into negative

infinity,

- ket ket
flt) = Z ck<cos7lr+isin7lr>

k=—00

First, check the situation when k = 0,

Ort . . Ot
co cosT—i—zsmT = Cp

Second, check when k =1 and k = —1 together,

17wt . . 1wt —1nt . . —1ut
Cc1 cosT—i—zsmT +c_1| cos ] —|—zsmT

Tt .ot 7t ..omt
:cl<cosl—|—zsml>+cl<cosl—zsml>

mt . 7t .
= cos T(Cl +c_1) +sin 7(101 —ic_1)

Again, check when k = 2 and k = —2 together,

2wt . . 2wt =27t .. —2ut
Co COST—i—zsmT + c_o| cos ] —+ 781N ———

Tt .ot . .
= cos 7(02 + c_9) +sin 7(202 —ic_9)

14



As you can guess, k = 3 and k = —3,

mt . mt . .
cos 7(63 + c_3) +sin 7(103 —ic_3)

Keep on doing this, and add them up becomes a trigonometric series,

t t
f(t) = co + cos %(61 +c_1) +sin %(z’cl —ic_1)

it . mt . .
+ cos 7(62 + c_2) +sin T(ZCQ —ic_g)

it . mt . .
+ cos 7(63 + c_3) +sin 7(103 —ic_3)...

co will be newly notated as %0, c1 4 c¢_1 renamed to aq, ¢1 + c_1 renamed to

asz, etc. icy —ic_1 to by, ico — ic_g to by. Then we have

+ Z <a;C cos —— —|— by, sin k?)
Use @D,

1 l
ap = Cp + c_ k—i

f()—zktdt+2l/f zkt

-1

—_
i

a l[f fzk t_'_f()zklt:|dt

1 : —i kT
o)
_ l/llf(t) cos (k:?t) dt

Last equation uses the fact that,

1 . .
cosf = 5(6’9 + 1),

15



And,

1 [t o 1 ! o
b = icr — c-k) = 5; /lf(t)ie““lt dt — /lf(t)ie”“ztdt

_ 1/ kTt pop zkyt}
= /l [f(t)le f(t)ie dt

[\V)
~

~| = e~ o~ =.

|\ SIS S
—
| — | La—

- =
—~
=+ N
N— .
N
. o
B |
< o
- B
~3
-
QI
= mg
= ~3
o -~
N— N—
| S L
S <

£(t) sin <k7;t> dt
Last equation uses the fact that,

1 . :
ing = — 0 —if
sin 5; (e e ")

3 Fourier Transform

Here we are, finally to the hardcore. All knowledges 1 presented before
are just tools we are about employ here. Basically, the idea of Fourier
series is remarkably easy, you have a f(x) which is period funtion, you
substitute it into formulas to calculate either for ¢; in complex exponential
version or for ag, ar and by in trigonometric version. And they are perfectly
interchangably, nothing mysterious, you need more practice to be familiar
with them. But since we never stop propagating that Fourier analysis is
an extremely powerful weapon in your mathematics arsonal, it should be
extensively made use of rather than dealing with periodic function alone.

Right, of course we have a knack for it.

3.1 Periodic Extension

As a matter of fact, I would not even want to call this a trick, perferably it
is new perspective how you view functions. The figure shows function f(z)

with domain (0,1), if we take [ as its period, we can extend throughout the

16



‘Reserve a picture for period extensionl ‘

Figure 3: period extensionl

‘Reserve a picture for period extension2‘

Figure 4: period extension2

whole axis, as the second graph shows. Unfortuantly this period extension is
useless, or most of period extensions are useless, because we only interested
in interval (0,1), who do we even bother to extend periods over the whole
axis, that changes nothing at all.

There are two useful period extension we need to study, the first one is
odd period extension, the second is even period extension.

Given any f(z) with domain (0,[), odd period extension is defined by

conditions,
1. Fo(z) = f(z) for 0 <z < I
2. FO(z) =—f(x) for -l <2 <0
3. F°(x) has period 2!
And even period extension is defined by conditions,
1. Fe = f(z) for0 <z <1
2. F¢= f(x) for =l <x <0
3. F° has period 2!

Now recall and ask yourself, what kind of function would it be if you plus an
odd function with an even one? Neither. Check theorem I did not say
anything about addition of odd and even fuctions, because result is neither
of them. Take a look at trigonometric version of Fourier series again,

f(x)=ag+ Z(ak cos kt + by, sin kt)
k=0

17



Surprised, right? If I did not mention this you won’t notice that Fourier
series is a non-odd-or-even function, then F'° has a cosine expansion and F°
has a sine expansion, it has to be like this, because we are unable to express
an even(odd) funtion with a function which is summation of addition of odd
and even functions.

Although it is now a periodic function throughout the whole axis, we
merely interested in interval (0,1). We perform Fourier expansion on this

interval,

fla) = Fo(e) = 20 ;ak cos (’“lﬁ)

= krx
Notice that we use % rather than ag, because it is more mathematically
tractable, we can write %0 = q¢ to differentiate from ag before, but we do

not need ag any more from now on, why don’t we just take 4 as our new

ag. Then follow the formula |Fourier 2| |Fourier 3| and [Fourier 4]

zl/lf(x)dle/lFedx
f(x) cos ( k F¢(x)cos (——)dx
/ 7rx / k:lx

/f )sin ’“”)d ?/OF%) 0 (70) da

Notice we make use of property of even function of integral both F*(z) cos (]”l””)

and F°(z) sin (¥72) are even functions due to the facts of multiplication and
addition properties So the basic idea here it to make use of both odd

period and even period extensions use calculate its Fourier expansion.

3.1.1 A Simple Example

We choose a simplest example here, f(x) is defined over 0 < x < 7, f(z) =1

for all 0 < = < w. Its even period expansion and odd period expansion

18



graphs are shown below,

Reserve a picture for Odd f(x) ‘

Figure 5: Odd f(x)

Reserve a picture for Even f(x) ‘

Figure 6: Even f(x)

Both have period 27, so
o0
F(z) = bgsin
k=1

compute by,

0

if k£ is odd,

or if k is even

ke
l

19

) = Z by, sin kzx,
k=1



Odd period expansion is

[e.e]
4
Fo(x) = Z T sin (kx) t is positive integer starts from 1
k=1+2t

Turn to even expansion,
a o0
Fé(z) = ?O + ; ay, cos (kx)

compute ag,

Ao 30 J w0

2 ™
ag F¢(x)cos (kx)de = — / 1cos (kx) dx
0

™
™

Hh

0

1
sin (km) — Z sin 0}

Il

(an)
| — Y ——
=

And we also need to know %,

Then even expansion is

3.2 Fourier Transform

From now on, we will stick to exponential verison of Fourier series which will
save us considerable trouble in writing and computation. Recall the most

important thing, Fourier series of period 2[, we have learned by far,

o

- 1 [ o
_ kTt _ = —ik Tt
f6)y= Y ac*t o= /_lf(t)e Pt

k=—00
From now on, we no longer impose the restriction of period functions,
you will see later that Fourier analysis deals with function from a broader

range than what we will be doing here.

20



For heuristic reasons, we will use a ‘special’ function here,
f(t) =0, |t| > L, L is any arbitrary positve number

It might be strange why we want a function looks like this, it will be clear
soon. We can get a Fourier expansion for part of f(¢t) with —L <t < L by
using periodic extension. Define Fy(t) = f(t) for —L < t < L and Fp(t) has
period of 2L. Naturally, we have
> - 1 [F o
Fr = Z cpe® Lt k=57 /_L f(t)e kTt de (10)
k=—o0
Essentially, we have not changed anything critical. The idea is to make the
original function a segment (a full period) of whole periodic funtion, then
we can use Fourier tools to analyse it.
If we define the k" frequency to be wy = kT, then calculate the first

difference,
T

Wk+1 — W = (]f-Fl)L

k% =T - Aw (11)

s
L

Conventionally, we also define

fwr= [ f(t)e“”ﬂ (12)

Look at , what are the differences between the equation above and ?
If you have done your calculus well in your first year math, you would

immediately tell that,

1 L - 1 [ o
= 2L/L f(t)e *itdt = 2L/m f(t)e *itdt

Because f(t) = 0 for all |[t| > L, then there is no difference whether we set

interval as [—L, L] or [-00, 00]. Next, use wy, = kT, yields

cw=op [ FOTat = o)

S This is actually Fourier transform, but it is not clear why it looks like this at the

moment.

21



This isn’t over yet, try not to be lost here. We want to put Aw into last

equation by using L = z- from ,

1

or = 57 Flon) = 5 flen)Aw

27
What we are doing above is trying to prepare element(such as Aw) for an
integral. So the question remains ‘what integral is it?’, then watch carefully

below.

Substitute c %f(w)Aw back to Fy, in ([L0),

o

f(t) == FL(t) = Z %f(wk)Aweik%t — i Z f(w)eiwktAw

k=—oc0 k=—o00

As your basic integral knowledges tell you,

— lim Z flw "’JktAw—/ f(w)e™t dw (13)

271' AwHO

A notice has to be made here, we are actually letting L. — oo, because from
(11) T = Aw, results Aw — 0.
Together with and , we have Fourier transform and its inverse

Fourier transform,

- /_ - fe “tdt  f(t) = % /_ - f(w)e™ dw (14)

These are Fourier transform pairs, conventionally we denote f (w) as the
Fourier transform of f(¢). A function f(¢) can go back and forth from
its time domain to frequency domain by Fourier transform and its inverse
operation, only if the function is continuous and integrable. Some textbook

use F[f(t)] = f(w) as Fourier transform operator, which we seldom need it.

3.3 Properties of the Fourier Transform

This is the most important part of Fourier theory, but I still have to say,
nothing is really difficult here, you just need to get familiar with these
notations and operations. We will present some examples to further your

understanding.

22



3.3.1 Linearity

Let « and 8 be any constants, f(t) and g(¢) two continuous functions, and

a linear combination h(t) = af(t) + Bg(t), the Fourier transform of h(t) is

h(w) = /OO h(t)e~ ™t dt

—0o0

= [ lasw + gtenerar

[e.e]

= oz/oo f(t)e ®@tdt + 5/00 g(t)e ™t dt
= af(w) + Bi(w)

Simply speaking, linearity of Fourier transform is completely due to the

linearity of integration rules.

3.3.2 Time Shifting

Reserve a picture for time shifting‘

Figure 7: Time shifting

Suppose we have a function h(t) = f(t — to), if to > 0, use your high
school math, it is clear that h(t) is to the right of f(t) as figure shows.

Fourier transform of h(t) is
h(w) = / h(t)e ™ dt
:/ f(t —tg)e ™t dt

If we denote t' =t — tq,

_ /OO f(t/)e—iw(t’—‘rto) dt

Also we calculate the differential, dt = d(t' — to) = dt/,
o0
:/ f(t/)ef’iw(t’+t0) dtl

0
_ / f(t/)e—iwt’e—iwto d¢

23



e~ is constant,
(o]
_ e—iwto/ f(t/)e—iwt/ d¢
— o0
- e

The last equation holds because Fourier transform changes the function

regardless of any argument.

3.3.3 Scaling

If we build a new funtion,
t .
h(t) = f<a>, by a scaling factor a > 0.

Fourier transform is

We denote t = at’

— / f(t/)efiwat/ dt

We calculate the differential, dt = d(at’) = adt’

_ Oé/ f —zwat’ d¢

~ af(aw)

The last equation holds because we view aw as the new frequency (don’t

forget that « is a scaling factor).
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3.3.4 Differentiation

Let h(t) = f'(t), then Fourier transform is
(w) = / h(t)e—t dt

/ f'(t)e ™t dt

Integrate by parts, u = e~ so du = —iwe “!dt. Also v = f(t), then

dv = f/(t)dt
= /OO udv

- / vdu

:e_i‘“tf(t)‘oo _/_00 () (—iw)e ™ dt

= uv

Assume that f(+o0) =0

/ f —Zwtdt
= iw / f(t)e ®“tdt

— iwf(w)

3.3.5 Parseval’s Relation

We define the energy of signal f(t) is

/ T f)Pdt = / o Fma

£(t) is the conjugate of f(t),

= / fw)ewtdw = — flw)e ™tdw
27 J_ o 2T

Substitute back into last equation,

/_Z f(t)% /_Z Fw)e “tdwdt = % /_Z /_Z F(O)F(w)e “tdwdt
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Iterative integration,

/w F(t)2dt = ;ﬁ/w ()P

|f(w)|? is called power spectrum of f(t), then |f(w)| is Fourier spec-
trum.
3.3.6 Duality

If we have a f (w), we exchange the variable of time and frequency, and set

f(t) = g(t). The Fourier transform of g(t) is,

i = [ gt dt

—00

= / - Fft)e ™t dt

—00

Change notation, t = s

[ doesa

—00

Inverse Fourier transform of f(¢) is,
1 [ . ,
0 =5 [ Fw)ea
Change notation, w = s

0= [ Foe s
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Together with

[ e

§(w) = 27 f(-w)

We find that,

3.3.7 Convolution

A filter is described by a funtion of H(w), for instance, H(w) = 1 for desir-
able frequency and H (w) = 0 for undesirable frequency. If a signal f(¢) is

fed into the filter, an output is g(t), its Fourier transform, we set as,

o0

f@) B (w) = §(w) = / g(t)e ™ dt

— 00

Inverse Fourier transform,

o) = 5 [ F@)Er@)e

—_

f (w) is easy to get, it is just a Fourier transform of f(t), but we need to

:/ f(r)e ™7 dr
And substitute into g(t),

277/ / f(r “"TdTﬁ(w)eM dw
_ /_ ) [277 /_ Aw)e 0 | dr
:/_:f(T)H(t—T)dT

The last equation is called convolution, formally denoted

change notation,

(F « H)(t / FH (= 7)dr (15)

The above relationship can be summarized,

§(w) = flw)H(w)
g(t) = (f = H)(t)
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3.3.8 Impulses

H(t) of H(w) is call the impulse response function of the filter, because
it is the output generated when the input is an impulse at time 0. 5(t)[]
denotes impulse funtion, takes the value of 0 for all ¢ # 0 and value +oo

at time t = 0. Because it is so infinite, the area under graph is 1. One

Reserve a picture for impulse‘

Figure 8: Impulse response

generalization as graph shows,

Reserve a picture for impulse generalization

Figure 9: Impulse generalization

1 .
— f—e<t<e
6.(t) =< 2¢

0 otherwise

If ¢ = oo, the function above approximate delta function. Unfinished...

3.4 Examples

After studying so many propertiesﬂ we really to study through some exam-
ples to make sure we comprehend them.
Example 1 We have a signal turned on at ¢ = 0 then decays exponen-
tially,
e~ ift>0

ft) =
0 if ¢t <0

" It is called Dirac delta function.
8 Actually these are only a portion of its all properties.
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from some a > 0. The Fourier transform of this signal is
~ oo . o0 .
flw) = / ft)e ™t dt = / e el dt
— 0o — o
o0

— / eft(a+iw) dt

—t(atiw) |o©

e -
—(a+ iw)
e—0(a+iw)

0

" —(a+iw)
1
a+w

Example 2 We have boxcar normalized function as below, signal turned

Reserve a picture for impulse generalization

Figure 10: Impulse generalization

on at t = —% and off at t = %, impulse height is 1. Denote

1 if-L<t<l
rect(t) = 2 2

0 otherwise

‘rect’” means rectangle. The Fourier transform of the signal is

r/e&(w):/ rect(t)e” ™t dt

—00

1z
= / e hdt
~1/2

—4 1/2
ezwt /

—tw

~1/2
efiw/2 eiw/2

—iw —iw
eiw/Z _ e—iw/2

w
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We can stop here, or we use Euler’s formula,

1 w+, LW w+, LW
= —|( cos—= +4sin — — cos — + ¢sin —
w 2 2 2 2

There is a function named ‘sinc’, sincw = 2% Then rect(w) = sinc 3.
Example 3 We have a rectangular pulse of height H, width W and

centre C.

Reserve a picture for rectangular impulse

Figure 11: rectangular impulse

We can denote this rectangular impulse function,

r(t) = Hrect <t_WC>

from previous knowledge of shifting and scaling, we shift reciﬂ by C to the
right, and scale by a factor of W. The signal gets turned on at C' — % and off
at C +%. This example is just a generalization of last one, study it carefully,
it gives a general method to cope with rectagular impulse functions. We
build the method in three steps.

The first step, we consider the scaling alone, assuming no shifting C' = 0.

Then we denote

f(t) =rect(t),  h(t) =ri(t) = rect <‘;/> B f<vtv>

Its Fourier transform according to scaling property is,

h(w) = 1 (w) = Wrect(Ww) (16)

9 rect is always a normalized boxcar impulse function without other explicit emphasiz-

ing.
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Use sinc function,

— W n%e 2 W
rect(Ww) = sinc 2w = su;ng =W sin 2w
Thus,
- 2 W
h(w) =71 (w) = m sin Tw

The second step, we allow a nonzero C, denote

f(t) =ri(h), h(t) = ra(t) = rect <> =ri(t—C)

According to property of time shifting, its Fourier transform is

~

h(w) = fo(w) = e_iwcf(w) = e_iwcfl(w)
Use equation ,
h(w) = fo(w) = e ““Wrect(Ww)
The last step, use linearity property, we denote
Pw) = Hiy(w) = He S Wrect(Ww)
Use sinc function again,

, — 4 Ww
He “CWrect(Ww) = He “CW sinc N
sin %
Ww

W

= He W

—iwC si (17)

Notation might look a little bit messy, but the idea is very simple that we
don’t need to perform a Fourier transform directly on rectangular impulse
function, we can decompose the steps into three, each step uses the result
of last step’s Fourier transform. Don’t get lost at notation, focus on the

essence.
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Reserve a picture for several rectangular impulses

Figure 12: several rectangular impulses

Example 4 Here is another generalized example [12] of rectangular im-

pulse functions,

H=2 W=1, C=-15 forn=1
sa(t) =r(t) withe g =1, W=2 C=1 for n=2
H=05 W=2 6 C=3 for n=3

We define s(t) = s1(t) + s2(t) + s3(t), use result from last example (17)),

4 3. w 2 _ 1
s(t) = Zedsin - 4 Ze ™ ginw + —e”
w 2 w w

3w gin w

Example 5 Suppose we use filter
2
H(w) = —sin )
w 2
To see it in time domain,

1 if-Ll<ct<d
H(t) = 2 2
0 otherwise

Apply the filter to a signal f(t), output at time ¢ is,

(f*H)(t):/oo ft—7)H(r)dr = | f(t—7)dr

_1
2
Define 7/ =t — 7, then d7’ = —dr, thus

1 t—1 t+3
B ft—7)dr = _/t+1 f(rHdr' = /t1 f(rHar'

Notice that change the variable will also change the interval.

Some graphics will be added here.
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4 Discrete Fourier Transform

Continuous Fourier transform has great value in analytical study of signal,
but in real world we can only deal with discrete signals in computers. No-
tation will be different, we use z[n| for discrete-time signal, and z(t) for
continuous-time signal. We will start from periodic signals to nonperiodic

signals just as we did in continuous case.

4.1 Periodic Signals

First we have a conintuous signal z(¢) which has period 2, we use machine
to measure the signal, of course we cannot measure every instant (if we can,
there is no need to study discrete signals any more). So unfortuantely we

cannot use
1 21

ZQ—ZO

because we need to know x(t) for every possible t. But we can approximate

o z(t)e Tt dt, (18)

this integral by a Riemann sum.
Suppose we measure z(t) at equally spaced value of ¢ for N times. We

pick ¢ at
20 21 2] 21

=2 223 N
N N’

t —, ... —.
NN

For t in the any interval between two measure points,

Reserve a picture for discrete signal Riemann sum

Figure 13: discrete signal Riemann sum
21

—<t< 1)—

ny St< (n+1) N

Notice the integral above, a:(t)e_ik%t is actually a function of ¢, we can

feed it all measure points to calculate function values. Say we pick a measure

point ¢ = n—%,
2l . 21 , 21 kn
x(n—N)e_’kT"% = x(nﬁ)eﬂkm% = x(n—N)e_kaW
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Then we approximate the integral over n2l <t<(n+ 1)%, this is just the
segment area of whole integral. We approximate this area by using area of
a rectangle under it, which is

x(n—)e”

N

QNZ is the width of the rectangle. Finally we can use a Riemann sum to
approximate the integral, then

N N
1 2, _omin 2l _ 1 2. yikn
C'f"‘zznzf(“zv R DS

We will change notation slightly in order to be symmetric to continuous

Fourier transform, set ¢, ~ &[k|, and z[n] = :L‘(n%) Then

1 N
N Zx 7271'1— (19)

n=1
This is what we called discrete Fourier transform, quite unimpressive, right?
Of course it has a mirror side just as continuous case does, inverse dis-

crete Fourier transform,
N .
z[n] =Y #[k]e*™N (20)

Although we won’t show how it is derived, but we can show why it holds. Do
you still remember the when we studied the continuous Fourier transform,
we define f f f(t)e=™“!dt, we do not really show how it is derived,
but simply defined it and derive the other one. So here we are following the
same logic pattern work through them.

Now we will show when holds must be true. We substitute Z[k]
into ,
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However, we need to rename the variable, because n in the rightmost func-

tion is different from n in the leftmost term.

We need to study a little bit about the term in the box. If n’ = n, then

N !
kZ(e%iMNn)) Ze :Z =N
=1 k=1

4.2 Properties of Discret Fourier Transform

These properties are similar to those in continuous Fourier transform.

4.2.1 Time shifting

Let x[n] be a discrete-time signal of period NH ng is any integer, we define

y[n] = z[n — ng), and its discrete Fourier transform is

N
i § : —2m—
N
2 : zln — nO —2mikn e

10 Tt means the siginal will come back to the same value every N measured point

2

Z\H

(sampling point) after.
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Substitute m = n — ng,

—2milmino)

N—-n
’ _omikm _orikno
g x[mle Ne N

X 1 N—ng .

_ . kng _ . km

—e MR | = E x[mle 2miTy
N

m=—ng+1

Here is the idea, notice
N—ng

>

m=—ng-+1

N —ng+ng—1= N —1, then we can change the interval and keep the

summation the same only if we keep the sampling points to be N — 1. So

will also do. Thus,
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4.2.2 Parseval’s Relation

Follow the steps we did for continuous case, this is quick,

4.3 Aperiodic Signals

Same procedure will be implemented as the continuous case section 2.2.

. . . . . . N
Again for simplicty, we develop a discrete function that z[n] = 0 for |n| > 5,
where N is period, and an even number. We can get a disrete Fourier
transform for the part of z[n] with |n| < & by using periodic extension. So

we define a function

N N

zny[n] =z[n] for 1— <n < —

2 2
xn|[n] has period N
Then discrete Fourier transform pair are

i)=Y anlkem ¥ aNk = = 2l 2% (21)
N
k< Nkt

We define k" frequency to be wy = 2#%, then

k k—1 2w
— W1 =21—= — 2 =—=A
Wk Wk—1 7TN ™ N N w
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And also define

Bw)k] = Y aln]e™"
Then,
~ 1 i nk
znlk] = N x[nle 2im iy
—J<n<t

z[n] = 0 for all |n| > %, it won’t make a difference whether we sum up over

interval [~ , & or (—o00, 00), since all zero terms won't count,

[e.9]

Z m[n]e—i%r%n

n=—oo

R :
= Z x[n]e k"

n=—oo

TN[k] =

2=

= Nﬂf?(wk)

_ 2m
because N = X,

1
= %x(wk)Aw

Substitute the result above into z[n],

1 ‘n 1 n
zln] = xn[n] = Z ?j(wk)AweQﬂ"LWk =5 i’(wk)e%’WkAw
™ T
<k ~N k<

S

We will modify the summation restriction like this,

27r( N<l<:<N) <wn <
—(——= —)=—n<wp <
N 2 -2 b=

obviously you can see that we are intentionally w in summation restriction.

Thus, we have

1 .
o Z Z(wg) e " Aw
™

—T<wg <T

But note that the argument of the summation is still k£, not w. Now we could

rightfully approximate the Riemann sum to integral by letting N — oo.
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Then Aw = %” = (0. We conclude that
1 ™ e .
x[n] / #(w) dw (w) = Z x[n]e " (22)

T om
- n=-—0o

Z(w) is the discrete Fourier transform of x[n], and is given a name ‘spectrum’

of z[n]. Compare and (3.2)).

5 z-transform

5.1 Linear, Time Invariant Systems

Linear, time invariant (LTT) system has two version, continuous and discrete.
Most of differential equation you learned are continuous LTI. The system is
linear, because if we feed system with a signal ax1 + bxo, we receive a signal
ayy + bye. Time invariant means that for any time shifted signal z(t — s),
generates the time shifted output y(t — s). As you no doubt have guessed,

difference equations are discrete LTI system. We will present examples later.

5.2 Impulse Response Function

We have seen Dirac delta function,

1 ifn=0
8ln] =
0 ifn#0
It simply models the idea that there is a unit impulse when time hits 0. We
denote h[n] the response from the unit impulse at time 0, naturally it is our
impulse response function. We need to modify Dirac delta funtion to make

it more general,

1 ifn=Fkand k>0
Okln] =
0 ifn#k
it becomes a unit impulse at time k, rest of instants are 0. According to

time shift property of all functions, dx[n] = d[n — k], accordingly impulse
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response function will become h[n — k| due to LTI time invariant property,
because time shifted input §[n — k] generates time shifted h[n — k] output.
Say we have an input signal z[3], the signal is input at time instant 3,

we have a crucial observation,
x[3] = 4+ a1 [3] + @52[3] -+ a363[3] + a4<54[3] + CL555[3] <o

Besides a3d3[3] = ag, in general z[k] = ay, rest of terms are zero. Why do

we bother to write this? Because this is a linear combination,

k=00

x[n] = Z ax0x[n)

k=—o00

We have seen that the output corresponding to dx[n| is h[n — k]. So the

output corresponding x[n], by linearity of LTI,

k=00 k=00
ylnl = Y aphln—k = Y al[klhln— k] = (h*2)[n] (23)
k=—oc0 k=—0o0

This is discrete form of convolution, compare with .

5.3 z-transform

One important feature of discrete-time LTI systems is that all ezponential
stgnals are eigenfunctions for all LTI systems. It will be clear soon. If z
is arbitrary complex number, then we define a signal z[n] = 2", which is
an complex exponential signal. Feed the signal to LTT system with impulse
function h[n],

yln] = > hlklzln -kl = > hlkl]z"F=2" > hlk]z" = H(2)z"

k=—00 k=—o0 k=—o00
This is called z-transform of the impulse response h[n]. 2" is eigenfunction
and H(z) is eigenvalue, where

H(z)= Y hlk]z"".

k=—o00

Where 2" is feed into a LTT system, result is just z” multiply a constant,

H(z), which is independent of time n.
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