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First, we will see some examples.
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Then (e,) is an o.n. basis.

2. H= L2( m,7) = L?(T).
TN m

= 5z |7 f(t)g(t)dt

Let en(t) =™ n=0,+1,42,---
Then {en:n € Z} is an o.n. basis of L?(T)
f ( )= (f,en) 27r f f(t) mtdt, which is the nth Fourier coefficient.

we call % ( )e™® the Fourier sequence of f.
Let An(f) = 32", f(k)e™™
Let 05(f) = 3 Yo Ar(f)

Then we have
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We call it Dirichlet Kernel.
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we call it Kejer’s kernel.



Notice
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And we notice if § > 0, then limy, 00 SUpjy>5 kn(t) =0
(kn(t) < le —zy — 0 as n — 00)
Theorem. Let f € C(—m,7) and f(—m) = f(7), then o, f — f uniformly
Corollary. (Weierstrass) If f is a continuous on [a,b] and € > 0, then 3 a
polynomial p(z) s.t. |f(z) — p(x)| < €,Vx € [a, D]
Theorem. {e,}°° __ is an o.n. basis of L?(—7,7) where e,(z) = e
Proof. Let g € L?(T), then 3f € O(T) s.t. ||g — fll2 < e.
By the above theorem o, f s.t. ||onf — f]| < €
then

g —onfll <|lg— fll2+11f —onfll2 < |g = fll2 + 11 — onflloo < 26
Fn) = (fren) = 2 [* f(t)eintdt
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Theorem. If f € C(T), then ||o,f — f|lcc = 0 as n — 0.
Proof. Notice

1. kn(t) >0
= [T kn(t)dt =1
3. for given § > 0, limy,— o0 SUPs<|tj<x kn(t) = 0

Then we have

onf(@) - fla
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let € > 0 be given, choose § > 0 s.t. |f(x —t) — f(z)] < e, V.

So
[ kI~ ot < e [ katydt =

27 Jj1<s o

Choose N, Vn > N, then sup, > kn(t) < €

1
7 kn (O] f(x =) — f(z)|dt < 2||f]]e
T Jo<|t|<m
Finally we have
lonf () = f2)] < ClIf]| + e
) O
Theorem. {e,},cz is an o.n. basis on L?(T), so ||fll2 = ||f||2

Theorem. If f € L*(T), then ||S,f — fll2 — 0
Theorem.(Classical Riesz-Fisher) Assume ), |¢,|* < oo, then 3f € L*(T)

—

s.t. f(n) =cp,n €Z.
Theorem.(Parseval Equality) If f,g € L*(T), then

We have several other con/cklsions.
Let f € L'(—x,m), then f(z) is well-defined. It can be compaired

1 flowf — flln = 0.¥f € L'()
2. Af € LY(T) s.t. ||Suf — fl] = 0
3. (Kolmogorov 1922) 3f € LY(T) s.t.{6,f(x)} is diverged for a.e. x

4. (L. Carleson 1966) If f € L?(T), then S, f(x) converges a.e.



