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First, we will see some examples.

1. ||x|| =
∑∞

j=1 |xj |2

l2: let en = {0, · · · , 0︸ ︷︷ ︸
n−1

, 1, 0, · · · }

(en, em) = Snm
x(n) = (x1, · · · , xn, 0, · · · )
Then (en) is an o.n. basis.

2. H = L2(−π, π) = L2(T).
T ≈ R

2πZ
(f, g) = 1

2π

∫ π
−π f(t)g(t)dt

Let en(t) = eint, n = 0,±1,±2, · · ·
Then {en : n ∈ Z} is an o.n. basis of L2(T)

f̂(n) = (f, en) = 1
2π

∫ π
−π f(t)e−intdt, which is the nth Fourier coefficient.

we call
∑∞
−∞ f̂(n)einx the Fourier sequence of f.

Let An(f) =
∑n
−n f̂(k)eikx

Let σn(f) = 1
n

∑n−1
k=0 Ak(f)

Then we have

(An(f))(x) =
1

2π

∫ +∞

−∞

n∑
i=−n

eik(x−t)f(t)dt =
1

2π

∫ π

−π
Dn(x− t)f(t)dt

where

Dn(t) =
n∑

k=−n
eikt

We call it Dirichlet Kernel.

σnf(x) =
1

2πn

∫ π

−π

(
n−1∑
k=0

Dk(x− t)

)
f(t)dt

where

kn(t) =
1

n

n−1∑
k=0

Dk(t)

σnf(x) =
1

2πn

∫ π

−π
kn(t)f(t)dt

we call it Kejer’s kernel.
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Notice

Dn(t) = 1 + 2(cos t+ cos 2t+ · · ·+ cosnt) =
sin((n+ 1

2)t)

sin t
2

kn(t) =
1

n

(
sin

t

2
+ sin

3t

2
+ · · ·+ sin

(2n− 1)t

2

)
sin t

2

sin2 t
2

=
1

n

sin2(n+ 1
2)t

sin2 t
2

And we notice if δ > 0, then limn→∞ sup|t|≥δ kn(t) = 0

(kn(t) ≤ 1
n

1
(sin2 δ

2
)
→ 0 as n→∞)

Theorem. Let f ∈ C(−π, π) and f(−π) = f(π), then σnf → f uniformly
Corollary. (Weierstrass) If f is a continuous on [a, b] and ε > 0, then ∃ a

polynomial p(x) s.t. |f(x)− p(x)| < ε,∀x ∈ [a, b]
Theorem. {en}∞n=−∞ is an o.n. basis of L2(−π, π) where en(x) = einx

Proof. Let g ∈ L2(T), then ∃f ∈ C(T) s.t. ||g − f ||2 < ε.
By the above theorem ∃σnf s.t. ||σnf − f || < ε
then

||g − σnf || ≤ ||g − f ||2 + ||f − σnf ||2 ≤ |g − f ||2 + ||f − σnf ||∞ ≤ 2ε

f̂(n) = (f, en) = 1
2π

∫ π
−π f(t)e−intdt

We have
f ∼

∑
n∈Z

f̂(k)eikx

and

Sn =
n∑

k=−n
f̂(k)eikx =

1

2π

∫ π

−π
Dn(x− t)f(t)dt

Dn =
sin(n+ 1

2)t

sin t
2

σnf =
1

2π

∫ π

−π
kn(x− t)f(t)dt

kn(t) =
1

n

(
sin(n+ 1

2)t

sin t
2

)2

Theorem. If f ∈ C(T), then ||σnf − f ||∞ → 0 as n→∞.
Proof. Notice

1. kn(t) ≥ 0

2. 1
2π

∫ π
−π kn(t)dt = 1

3. for given δ > 0, limn→∞ supδ<|t|≤π kn(t) = 0

Then we have

|σnf(x)− f(x)|

=

∣∣∣∣ 1

2π

∫ π

−π
kn(t)f(x− t)dt− f(x)

1

2π

∫ π

−π
kn(t)dt

∣∣∣∣
≤ 1

2π

∫ π

−π
kn(t)|f(x− t)− f(x)|dt

≤ 1

2π

∫
|t|≤δ

kn(t)|f(x− t)− f(x)|dt+
1

2π

∫
δ<|t|≤π

kn(t)|f(x− t)− f(x)|dt
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let ε > 0 be given, choose δ > 0 s.t. |f(x− t)− f(x)| < ε,∀x.
So

1

2π

∫
|t|≤δ

kn(t)|f(x− t)− f(x)|dt < ε
1

2π

∫ π

−π
kn(t)dt = ε

Choose N , ∀n > N , then supπ≥|t|≥δ kn(t) < ε

1

2π

∫
δ<|t|≤π

kn(t)|f(x− t)− f(x)|dt < 2||f ||ε

Finally we have
|σnf(x)− f(x)| < (2||f ||+ 1)ε

Theorem. {en}n∈Z is an o.n. basis on L2(T), so ||f ||2 = ||f̂ ||2
Theorem. If f ∈ L2(T), then ||Snf − f ||2 → 0
Theorem.(Classical Riesz-Fisher) Assume

∑
n∈Z |cn|2 < ∞, then ∃f ∈ L2(T)

s.t. f̂(n) = cn, n ∈ Z.
Theorem.(Parseval Equality) If f, g ∈ L2(T), then∑

n∈Z
f̂(n)ĝ(n) =

1

2π

∫ π

−π
f(t)g(t)dt

We have several other conclusions.
Let f ∈ L1(−π, π), then f̂(x) is well-defined. It can be compaired

1. ||σnf − f ||1 → 0,∀f ∈ L1(π)

2. ∃f ∈ L1(T) s.t. ||Snf − f ||9 0

3. (Kolmogorov 1922) ∃f ∈ L1(T) s.t.{δnf(x)} is diverged for a.e. x

4. (L. Carleson 1966) If f ∈  L2(T), then Snf(x) converges a.e.
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